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The single-edge V-notched-beam (SEVNB) testing geometry
was used to measure the crack growth resistance (R-curve)
behavior of multilayered alumina–zirconia composites. Frac-
ture mechanics weight function analysis was applied to predict
the R-curve behavior of multilayered composites having a
stepwise change in composition. These results were then used
to differentiate the influence of residual stresses from crack-
bridging stresses on the measured R-curve behavior.

I. Introduction

RESIDUAL thermal stresses associated with thermal expansion
mismatch between layers in a ceramic–ceramic composite can

have a significant influence on fracture behavior. Specifically,
residual compressive forces on the outer surfaces can increase the
apparent fracture toughness by adding a closure stress to surface
flaws.1,2 Processing techniques that produce layered structures
within a sample allow one to control the residual stress distribution
throughout the composite.3,4 By alternating layers of residual
compressive and tensile stresses3,4 and by varying the magnitude
of the residual stress within these layers, various composite
fracture behaviors can be achieved.4–8 Thus, the measured fracture
toughness (KIC) and crack growth resistance behavior (R-curve),
which depend on microstructure and residual stress, become
functions of position within the composite.1,2,3,6,9–11 Pertinent
studies by Lakshminarayanan et al.1 and Marshall et al.3 are
described in further detail.

Lakshminarayanan et al.1 used several single-edge notched-
beam (SENB) samples with various notch depths to investigate the
fracture behavior of trilayered alumina–zirconia composites where
the outer layers had �600 MPa residual compressive stress and the
inner layer had �100 MPa residual tensile stress. The composite
KIC increased from 12 to �30 MPa�m1/2 as the notch depth
approached the thickness of the outer surface layer (0.8 mm) and

then monotonically decreased to �13 MPa�m1/2 as the notch depth
was increased into the inner layer. Because the measured KIC

values of the monolithic samples of the individual layer composi-
tions were 5 and 7 MPa�m1/2, an improvement in the composite
KIC by tailoring the residual stresses was demonstrated.

Marshall et al.3 used the single-edge precracked-beam (SEPB)
testing method for evaluating the R-curve behavior of a multilay-
ered alumina–zirconia composite that contained 19 alternating
ceria-stabilized zirconia (100Z) and 50-vol%-alumina–50-vol%-
ceria–zirconia layers (50Z), each 35 �m thick, in the center of a
beam of ceria–zirconia. The initial �550 �m precrack and the
further �450 �m of crack extension (total crack length of �1000
�m) were within the outer ceria–zirconia region of the sample and
resulted in increased apparent fracture toughness (KR) from �4.2
to 5 MPa�m1/2. With crack extensions into the layered region of the
sample, the KR increased stepwise, reaching a maximum of �17.5
MPa�m1/2. The results demonstrated that the addition of the 50Z
layers had a significant influence on the measured R-curve.

When measuring the R-curve behavior of either multilayered
or gradient composites, the ability to differentiate between
microstructure-related toughening mechanisms (i.e., crack bridg-
ing, kinking, and transformation toughening) and residual-stress-
based mechanisms is difficult. The study by Lakshminarayanan et
al.1 experimentally demonstrates that fracture mechanical weight
function analysis can be used to effectively estimate the composite
fracture toughness as a function of position within a layered
composite containing macroscopic residual stresses.

The purpose of the present study is to use the weight function
analysis to distinguish the effects of residual stress distributions
from the crack-bridging closure stresses on the measured R-curve
behavior of a multilayered alumina–zirconia composite.

II. Experimental Procedure and Analysis

(1) Sample Preparation
Multilayered alumina–zirconia composites were produced using

sequential centrifugal consolidation12–15 of a coagulated12,16 aque-
ous alumina–zirconia suspension. Further details on the centrifugal
consolidation and the suspension preparation procedure can be
found in Ref. 9. The solids compositions of the suspension used in
this study are described in Table I. The composite green bodies
were dried and then fired at 1600°C for 4 h in air with 250°C/h
heating and cooling ramp rates. Sintered disks were produced
measuring �6 cm diameter by �1 cm thickness and containing
�5% porosity.

Sintered disks were surface ground flat using a 600 grit
diamond wheel, and multiple bend bars measuring 4 mm � 3
mm � 35 mm were cut from the center of each disk. A V-notch
was cut across the 3 mm � 35 mm face, perpendicular to the
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length of the bend bar, as described in previous work.10,17 The
V-notch tip radii (�) were measured to be 5–10 �m using optical
microscopy. The 4 mm � 35 mm side surfaces were additionally
polished with 15 �m diamond abrasives, which provided a surface
finish that was sufficient for crack growth observations.

Monolithic and layered samples were produced (Table II). The
monolithic 80-vol%-alumina–20-vol%-zirconia (80Al) sample
was used to measure the R-curve behavior without the influence of
a macroscopic thermal residual stress distribution. The layered
sample, consisting of five alternating 80Al/90Al compositional
layers, was used to measure the R-curve behavior influenced by a
thermal residual stress distribution (Fig. 1). The Young’s modulus
(E), Poisson’s ratio (�), and coefficient of thermal expansion
(CTE, �) for the 80Al and 90Al compositions were estimated by
taking the geometric average of the upper (equal strains) and lower
(equal stress) bounds of the rule-of-mixtures models and are
shown in Table III. Because the material properties must lie
between the upper and lower bounds, the errors in these estimates
are believed to be �5%.

(2) Mechanical Testing
Direct observations of crack initiation and extension were made

on the bend bar side surfaces using a specialized four-point bend
fixture placed on the stage of an optical microscope.9,10,18 Loading
was achieved using a piezoelectric translator and measured using
a miniature load cell. A fluorescent dye penetrant (Met-L-Clek FP
90, Helling KG, GmbH, Hamburg, Germany) and an ultraviolet
light source were used to measure crack lengths. The fluorescent
dye was in contact with the V-notch tip during crack initiation and
was within the crack during every subsequent crack extension. For
slow crack extensions, the fluorescent dye immediately penetrated
into the newly extended crack, allowing crack extensions to be
observed. There was no measurable influence of the fluorescent
dye on crack extension.11

Samples were tested under displacement control, where sub-
critical crack initiation and further crack extensions (�10 �m
increments) were achieved by loading at a slow rate. The incre-
mental loading technique used is described elsewhere.9,10 The
applied load to instigate crack propagation (Pc) and total flaw
length (a) were measured, and, for each crack extension, the
apparent KR was calculated as outlined below.

(3) Weight Function Analysis
Bueckner19 showed that the stress-intensity factor (K) for an

edge crack of depth a can be calculated by integrating the product

of a weight function (h(x,a)) and any stress distribution (�(x))
acting normal to the fracture plane over the crack length:

K � �
0

a

h	 x,a
�	x
 dx (1)

where x is the distance along the crack, measured from the surface.
The weight function used must be derived for a specific crack-
component configuration.

In the work of Fett and Munz20,21 and Fett,22 a weight function
for an SENB sample and notch geometry is given by

h	 x,a
 � � 2

�a�
1/ 2 1

�1 �
x

a�
1/ 2�1 �

a

W� 3/ 2

� ��1 �
a

W� 3/ 2

� �A���1 �
x

a�
��1� a

W��� (2)

where a is the total flaw length measured from the bend bar
tensile surface and W the sample width, as shown in Fig. 1(b).
The values of the coefficients A�� and the exponents � and �
are given in Refs. 20 and 21. It has been demonstrated in
elastically graded samples, having a 33% variation in elastic
modulus (i.e., Emax/Emin 
 1.33) across the graded region, that
the discrepancy in stress intensity factors calculated using a
weight function that considers an elasticity gradient and one
that does not is �10%.23,24 In the current study, the elasticity
variation of E90/E80 
 1.06 within the layered sample must,
therefore, result in errors of �10% when calculating the stress
intensity factors.

(4) Stress Distribution
Three independent stress distributions were considered in this

study: an applied bending stress distribution; a residual thermal
stress distribution; and a bridging closure stress distribution. The
applied bending stress distribution for the monolithic sample
(�bend

h (x,P)) was estimated using a standard bending-stress for-
mula for homogeneous materials:

�bend
h 	x,P
 �

1.5P	So � Si


BW2 �1 �
2x

W� (3a)

where P is the applied load, So and Si the outer and inner support
spans of the four-point bending fixture (in this study, 20 and 10
mm, respectively), B the sample thickness, and W the sample
width.

The applied bending stress distribution for the layered sample
(�bend(x,P)) is calculated using a modified bending stress formula
in which the influence of the modulus variation across the bend bar
cross section is considered. The derivation is shown in Ref. 25.

Table I. Suspension Compositions

Suspension Composition (vol% solids)
Composition
nomenclature

A 90 alumina† � 10 zirconia‡ 90Al
B 80 alumina† � 20 zirconia‡ 80Al

†A16SG, 99.8%, D50 
 0.4 �m, ALCOA, Bauxite, AR. ‡CEZ-12 (mol%),
98%, D50 
 0.4 �m, American Vermiculite Corp., Marietta, GA.

Table II. List of Samples Tested

Sample Characteristic investigated

Number of
deposits†

(suspension)

Deposit
thickness

(�m)

Layer
offset‡
(�m)

Sample cross
section (mm) V-notch

depth
(�m)B W

Monolithic 80AL Monolithic properties 1 (B) 3.01 4.02 1050

Layered Stepwise residual stress 2 (B) �350 10 2.68 4.08 1175
5 (B) �180
1 (A)§ �180
1 (B) �700
1 (A)§ �180
5 (B) �180
1 (B) �350

†Number of deposits observed within the bend bar shown in Fig. 1. ‡See Ref. 10 for definition and relevancy. §Residual compression layer.

1506 Journal of the American Ceramic Society—Moon et al. Vol. 85, No. 6



The resulting equation can be used for any elasticity variation
across a bend bar sample geometry tested in four-point bending:

�bend	x
 �
P

4B
	So � Si
E�	x


E2 � E1x

E2
2 � E1E3

(3b)

where E�(x) is the plane strain variation of modulus across the
sample cross section and E1, E2, and E3 are given in the Appendix.

The residual thermal stress distribution (�r(x)) within the
monolithic sample was zero. For the layered sample, �r(x) was
estimated from the thermal expansion mismatch strains resulting
from the variations of E(x), �(x), and �(x) across the sample.
Moreover, the influences of tile warping that would result from
nonsymmetrical stacking of the compositional layers within the
tile were taken into account. The derivation is shown in Ref. 25.

�r	x
 � �TE�	x
��	x
 �
�A1E2x � A2E1x � A1E3 � A2E2

E2
2 � E1E3

�
(4)

where A1, A2, E1, E2, and E3 are given in the Appendix, and �T is
the temperature range over which the thermal stresses develop.
When cooling from the sintering temperature to �1250°C, the

thermal stresses formed within the sample were believed to be
relieved via creep,26,27 and, thus, �T 
 1225°C was estimated as
a result of the cooling from 1250°C to 25°C. Additional calcula-
tions using �T 
 1125° and 1325°C were also made.

The bridging stress distribution that acts along a given crack
length is dependent on the crack opening displacement (COD)
along the crack length. For monolithic ceramic materials, the
bridging stress distribution (�br(u)) is taken to have an empirical
power-law form similar to that that has been used previously:28–34

�br	u
 � �max�1 �
u

u*�
n

(5)

where 2u is the COD, �max the maximum stress supported by the
bridging zone, n a softening coefficient, and 2u* the COD in which
closure stresses resulting from interlocking grains stop contribut-
ing to the bridging stress. Equation (5) assumes that the bridging
stress decreases as the COD increases, which is solely attributed to
the geometrical influence of the decreasing bridging area (or
number of grains that can bridge the crack) as the crack faces
separate.30–32 For alumina composites, the studies by Rödel et
al.31 and Hay and White32 have demonstrated that the bridging
stresses decrease as COD increases, and, thus, the bridging stress
decreases for increasing distance behind the crack tip.

For the weight function calculation used in this study, it was
necessary to express the bridging stress function in Eq. (5) as a
function of distance behind the crack tip. The COD was related to
the distance behind the crack tip (x�) using the Irwin K-field
plane-strain displacement relation (u(x�)) developed by Baren-
blatt35 for homogeneous materials:

COD 
 2u	x�
 � 2��8x�

� �1/ 2 Ko

E/	1 � �2
� (6)

where Ko is the intrinsic stress intensity factor and represents a
lower bound for COD.31 Because E is considered constant, the

Fig. 1. Layered sample: (a) optical micrograph of the postcracked SEVNB sample showing the layer stacking with respect to the V-notch and (b) schematic
of the stress distribution showing the three independent stress components, bending (�bend(x)), residual stress (�r(x)), and bridging (�br(x,a)).

Table III. Composition Properties

Composition
(vol%)

E
(GPa) �

�
(10�6/°C)

100 Al2O3 380† 0.25‡ 8.39†

90Al 356§ 0.26§ 8.66§

80Al 335§ 0.26§ 8.94§

100 t-ZrO2 205† 0.32† 11.5†

†Reference 40. ‡Reference 41. §Values were calculated by
geometric average of the upper and lower bounds of the
rule-of-mixture.
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variation in E across the layered sample of �6% results in small
errors in the calculated COD.

Equation (5) is expressed as a function of x� by substituting Eq.
(6) for u and u*. For the u substitution, x� is replaced with a – x,
and, for the u* substitution, x* is replaced with the steady-state
bridging zone length (L), i.e., the critical distance behind the crack
tip, in which the COD is large enough that closure stresses
resulting from interlocking grains are zero. The resulting equation
relates the bridging stress as a function of distance behind the
crack tip (�br(x,a)):

�br	x,a
 � �max�1 � �a � x

L �1/2�n

(7)

where a – x is the distance from the crack tip.
Figure 1(b) shows the three stress distributions, �bend, �r, and

�br, within the layered sample loaded in four-point bending.

(5) Measured Stress Intensity Factors
The weight function analysis was used to calculate the KR from

experimental data, i.e., the critical applied load to further extend a
crack (Pc) and the average total flaw length (a 
 (aA � aB)/2)
measured from each side (A and B) of the sample. aA and aB are
the sum of the V-notch depth (ao) and the crack extension as
measured on sides A and B of the bend bar.10

For the monolithic sample, KR values were calculated by
substituting a standard bending stress formula, Eq. (3a), into Eq.
(1). KR was then calculated for each Pc vs a data point obtained
from the experiment. The procedure for the layered sample was
similar, except that the modified bending stress formula, Eq. (3b),
was substituted into Eq. (1) to account for the influences of the
changing modulus across the sample. In each case, the KR values
were those one would measure without previous knowledge of
residual thermal stresses or crack-bridging stresses.

(6) Calculated Stress Intensity Factors
The stress intensity factors associated with each stress distribu-

tion were independently defined using the weight function analy-
sis. The applied stress intensity factor for the monolithic sample
(Ka

m(x,P)) was calculated with Eq. (3a) substituted into Eq. (1),
whereas the layered sample (Ka

L(x,P)) was calculated with Eq. (3b)
substituted into Eq. (1). The stress intensity factor resulting from
the residual stress distribution acting along the total flaw length
(Kr(x)) was calculated with Eq. (4) substituted into Eq. (1). The
range of integration was from 0 to a. For Kr(x) � 0, the residual
stress distribution produces crack shielding by decreasing the net
crack-tip stress intensity, thus toughening the composite. The
opposite is the case for Kr(x) � 0.

The stress intensity factor resulting from the bridging stress
distribution acting along the crack length for the monolithic and
layered samples (Kbr(a,ao)) was calculated with Eq. (7) substituted
into Eq. (1). Bridging stresses were considered to act only along
the extended crack length, i.e., the region defined by ao � x � a,
and, thus, the range of integration was from ao to a. The bridging
stress distribution resulted in Kbr(a,ao) � 0 for all crack extensions
and, thus, led to toughening of the composite by decreasing the net
crack-tip stress intensity factor.

(7) Stress Intensity Calculations
The effects of residual stress and crack bridging on the stress

intensity factor at the crack tip (Ktip) were determined using the
principle of superposition to sum Ka, Kr, and Kbr:

Ktip � Ka � Kr � Kbr (8)

Because crack extension occurs when Ktip equals the intrinsic
crack-tip toughness (Ko) it is possible to predict values for Ka (as

a function of a) that cause crack extension. In this case, Ka is the
same as KR. Solving Eq. (8) for Ka, relabeling Ka to KR, and
replacing Ktip with Ko gives

KR	a,ao
 � Ko	a
 � Kr	a
 � Kbr	a,ao
 (9)

The Ko(a) values used were based on extrapolations of the 80Al
and 90Al measured R-curves to the y-axis, in which the intrinsic
fracture toughness values of Ko

80Al 
 3.6 MPa�m1/2 and Ko
90Al 


3.2 MPa�m1/2 (Ref. 9) were obtained. The stress intensity factors
obtained using this technique were believed to give a reasonable
estimate for Ko, because the effects of crack-tip shielding and
bridging were minimized.

The Kr(a) and Kbr(a,ao) profiles, which are independent of the
applied load, were simply calculated for a. Figure 2 shows the
three independent stress intensity factor profiles Ko, Kr, and Kbr as
function of position within the layered sample. Kr was calculated
using material properties given in Table III and a �T 
 1225°C.

III. Results

(1) Monolithic Sample
The 80Al monolithic sample microstructure and R-curves are

shown in Fig. 3. The plot consists of three curves: the measured
R-curve; the calculated KR profile; and the estimated intrinsic
crack-tip toughness, Ko

80Al 
 3.6 MPa�m1/2. The measured stress
intensity factor for crack initiation from the V-notch (Ki) was 4.0
MPa�m1/2, in which the discrepancy between Ki and Ko

80Al was
attributed to the relatively blunt (� 
 5 �m) starter notch tip. The
fracture mode was predominately intergranular, where bridging
tractions were believed to be dominated by frictional pullout of
interlocking grains. Transformation toughening of the 20 vol%
zirconia was believed to be negligible because of the small amount
of monoclinic zirconia detected (as compared with the tetragonal
phase) on the fractured surface via X-ray diffractometry.11 More-
over, microcrack process zones were not observed.36

The R-curve had a 0.8 MPa�m1/2 increase in KR over an �700
�m crack extension. By fitting Eq. (9) to the experimentally
measured data for the 80Al monolithic sample, with Kr 
 0 (no
residual stress), best fit values for �max, n, and L in the bridging
function, Eq. (7), were found to be 19 MPa, 0.6, and 900 �m,
respectively.

Fig. 2. Schematic of the estimated stress intensity factors as a function of
position within the layered sample: (a) Ko, (b) Kr (�T 
 1225°C), and (c)
Kbr.

1508 Journal of the American Ceramic Society—Moon et al. Vol. 85, No. 6



(2) Layered Sample
The layered sample microstructure, the measured R-curve, and

the calculated KR profile are shown in Fig. 4. The measured stress
intensity factor for crack initiation from the V-notch (Ki) is 3.9
MPa�m1/2. Initially, the measured R-curve has a negative slope,
decreasing from 3.1 to 2.9 MPa�m1/2 after �600 �m crack
extension within the 80Al composition layer (residual tensile
stress). However, as the crack extends into the 90Al composition
layer (residual compressive stress), there is a steep increase to the
R-curve. The calculated KR profile, using the bridging stress
function derived from the 80Al monolithic sample, closely follows
the measured R-curve behavior of the sample.

The three calculated KR profiles, shown in Fig. 4, differ from each
other only in the estimated temperature range over which residual
thermal stresses form (�T). The range of �T values of 1225° � 100°C
shows that the differences in the three KR profiles are small, and each
continues to overlap the measured data. This suggests that the small
errors in estimating �T do not result in large errors in the Kr profile
and, thus, the calculated R-curve behavior.

IV. Discussion

(1) Estimating the Measured R-Curve
The weight function analysis can be used to predict the R-curve

behavior only if the stress profiles (�bend(x), �r(x), and �br(x�))
acting along the fracture path are estimated accurately.37,38 The
calculated KR profile for the layered sample, as shown in Fig. 4,
provides a good estimate of the measured R-curve behavior,
suggesting that �bend(x), �r(x), and �br(x�) have been estimated
reasonably well. The calculated stress intensity profiles (crack-tip
toughness (Ko(a)), residual thermal (Kr(a)), and crack bridging
(Kbr(a,ao)) show, in Fig. 2, how each contributes to the final
KR(a,ao) profile given in Fig. 4.

(2) Bridging Stress Distribution Estimates
The bridging stress function incorporates the Irwin K-field

plane-strain displacement relation to estimate the COD as a
distance behind the crack tip. However, this approximation does
not include the influence of wake effects from the crack-bridging
distribution on COD. Estimating the wake effect in homogenous
materials is complex, and only by conducting COD measurements
or knowing the crack-bridging closure stresses is one able to
confirm the actual profile.31,33 For alumina composites, the studies
of Rödel et al.31 and Sohn et al.33 have demonstrated that the

measured COD is less than the estimate from the Irwin K-field
displacement relation. To account for this decrease in the COD
caused by the bridging stress distribution acting along the crack, an
additional function has been incorporated with the Irwin K-field
function. However, only after iterative parametric adjustments are
made to this new function is a calculated COD profile able to
overlap the measured COD profile. Without the measured COD
data, new COD functions, which account for the influence of wake
effects, can be no more confidently predicted than those obtained
using the Irwin K-field relation.

The bridging stress function derived from the 80Al monolithic
sample is believed to include the influences of the bridging stress
wake effects on COD, because the parameters �max, n, and L in Eq.
(7) are estimated via curve fitting to the measured R-curve data.
However, this stress function is then used to estimate the bridging
stresses in the layered sample, and issues regarding the influence of
the residual thermal stress distribution on Kbr may become important.
The residual thermal stress distribution is believed to influence the Kbr

profile by altering the COD along the crack length.
To estimate the errors in the Kbr profile caused by the residual

thermal stress distribution influence on COD, Eq. (6) has been
modified by replacing Ko with Ko – Kr. For values of Kr � 0,
residual tensile stress regions, the calculated COD is smaller than
that for the no residual stress situation and results in an increased
value for Kbr. A decrease in COD results in an increase in L; the
size of �br acting over the given crack length increases and, thus,
Kbr increases. The opposite is the case for Kr � 0. For the layered
sample, if one considers the crack length of �650 �m, the entire
crack length has residual tensile stress acting along it, and, as
shown in Fig. 2(b), Kr 
 1.5 MPa�m1/2. Using this value for Kr in
the modified Eq. (6) results in Kbr � –1 MPa�m1/2; however, the
calculated Kbr for the no residual stress situation is approximately
–0.8 MPa�m1/2 (Fig. 2(c)), which suggests that the extent of this
influence on the measured R-curve behavior is minor.

(3) Residual Stress Influence
The macroscopic residual thermal stress distribution acting

within a sample dominates the measured R-curve behavior. The
calculated stress intensity profiles in Fig. 2 show that the Kr profile
has a variation of 2.8 MPa�m1/2, whereas the Ko stress intensity

Fig. 3. 80Al monolithic sample: (a) (�) experimentally measured
R-curve with the calculated KR and Ko

80Al profiles ((f) Ki for crack
initiation from the V-notch tip), and (b) optical micrograph of the
posttested sample showing the microstructure through which the crack
propagated.

Fig. 4. Layered sample: (a) (�) experimentally measured R-curve with
three calculated KR profiles ((—) KR profile calculated with �T 
 1225°C
(in Eq. (4)), (- - -) influence of a �100°C variation of the �T estimate, and
(f) Ki for crack initiation from the V-notch tip), and (b) optical micrograph
showing the microstructure through which the crack propagated.
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variation is only 0.4 MPa�m1/2, and the Kbr stress intensity
variation is 0.9 MPa�m1/2 after a 900 �m crack extension.

Moreover, comparing the measured R-curves for the 80Al and
layered samples shows the influence of the residual stress distri-
bution. For crack lengths less than �650 �m in the layered sample
(80Al composition layer), the measured R-curve should be almost
identical to the one measured for the 80Al monolithic sample;
however, because of the residual tensile stress acting in this
composition layer (�10 MPa), the measured R-curve has a
negative slope. For crack extensions into the 90Al composition
region, the residual compressive stress (�120 MPa) results in the
steep increase in the measured R-curve. The 90Al material R-curve
slope is similar to that of the 80Al material because of similar grain
size and compositions, and this suggests that the change in residual
thermal stress alters the measured R-curve.

(4) Influence of Material Property Estimates on Kr

To evaluate the influence of the material properties estimates on
the calculated Kr profile, a comparison was made between using E,
�, and � estimated by either the upper (equal strain), lower (equal
stress), or geometric average of the upper and lower bounds of the
rules-of-mixtures. Each material property-estimating scheme, with
�T 
 1225°C, resulted in slightly different Kr profiles, Kr

upper,
Kr

lower, and Kr
average, respectively, and are shown in Fig. 5. The

deviation between the three Kr profiles demonstrated the impor-
tance of accurate material property estimates. However, for the
layered sample studied in this investigation, the small changes in
the material properties between the three estimating methods
resulted in only minor variations in the Kr profile. Each of the three
Kr profiles could be used to estimate the KR behavior of the layered
sample, but the best fits to the measured R-curve data were
obtained using Kr

average with �T 
 1225°C.

(5) Ramifications
The results of the current study may allow a new insight to

differentiating the active toughening mechanisms resulting in the
measured R-curve behavior of multilayered composites having resid-
ual stress distributions. The composite investigated by Marshall et
al.,3 which was described in the introduction, and by Marshall39 is
used as an example. The measured R-curve reported by Marshall et
al.3 and by Marshall39is shown in Fig. 6 along with the Kr profile that
was calculated from the residual stress distribution (including tile
warping) induced by differences in the thermal expansion coefficient
between the 100Z and 50Z compositional layers. Kr was calculated
using material properties that were estimated by the geometric
average of the upper and lower bounds of the rule-of-mixtures and
�T 
 1225°C. The resulting residual stress distribution, �40 MPa
tensile stress within the 100Z regions and �600 MPa compressive

stress within the 50Z layers, is expected to have a significant influence
on the measured R-curve behavior of this sample.

For the layered sample in the current study, the Kr profile
directly showed how the residual stress distribution influenced the
measured R-curve behavior. The resulting Kr profile plotted in Fig.
6 shows the amount of crack-tip shielding that was induced by the
residual compressive stress distribution occurring within the lay-
ered region. The residual stress distribution in the composite
investigated by Marshall et al. appears to be at least partially
responsible for the increase in the measured R-curve within the
layered region of the sample.

V. Conclusions

(1) The weight function analysis demonstrates that the mac-
roscopic residual stress distribution acting within a sample can
have a significant influence on the measured R-curve behavior.

(2) The weight function analysis can be used to predict the
R-curve behavior of layered composites only if the stress profiles
(�bend(x), �r(x), and �br(x�)) acting along the fracture path are
accurately estimated.

Appendix

E1 � �
0

W

E�	 x
 dx (A–1)

E2 � �
0

W

xE�	 x
 dx (A–2)

E3 � �
0

W

x2E�	 x
 dx (A–3)

A1 � �
0

W

�	 x
 E�	 x
 dx (A–4)

A2 � �
0

W

x�	 x
 E�	 x
 dx (A–5)

where E�(x) is the elastic modulus corrected for plane strain.
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Fig. 5. Schematic of the estimated (– – –) Kr
upper, (- - -) Kr

lower, and (——)
Kr

average stress intensity factors as a function of position within the layered
sample, calculated using material properties estimated by either the upper,
lower, or geometric average of the upper and lower bounds of the
rules-of-mixture, respectively (�T 
 1225°C).

Fig. 6. SEPB-measured R-curve of the layered sample reported by
Marshall et al.2 with the calculated Kr (not KR) profile superimposed,
showing that the residual thermal stress may have a significant contribution
to the measured R-curve.
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